Abstract. We give optimal bounds of the height, curvature, area and volume of K-surfaces in R 3 bounding a planar curve. The spherical caps are characterized as the unique K-surfaces achieving these bounds.
Introduction
One of the main geometric concepts in two-dimensional Riemannian geometry is the Gaussian curvature-it has been playing an essential role in surface theory. In fact, compact smooth surfaces immersed in R 3 with constant positive Gauss curvature K, K-surfaces, form a class which has been receiving great interest.
Since a closed K-surface (that is, without boundary) is itself a round sphere, the surfaces in which we are interested have non-empty boundary. In this spirit some natural problems that arise are the problems of existence, uniqueness, structure of the space of K-surfaces bounding a given boundary and the properties about the geometry and topology of K-surfaces. Most of these problems seem far from being understood. We mention some results proved by Cafferelli, Guan, Nirenberg, Rosenberg and Spruck about the existence of K-graphs (see [2] , [4] and [5] ).
In this paper we consider S a compact surface with a connected boundary, ∂S, and x : S−→R 3 a K-surface such that Γ = x(∂S) is a curve in a plane P . If Γ is a Jordan curve, Hoffman, Rosenberg and Spruck proved (by using elementary facts, see [5] ) that Γ is free of inflexion points, P meets x(S) transversally and x(S) is fibred by strictly Jordan curves in parallel planes to P (in particular, x is an embedding and x(S) ∪ Ω is the boundary of a convex body, where Ω is a strictly convex domain in P with boundary Γ). Our objective in this paper is to study properties of the immersion x related to non-existence problems and behaviour of its area and volume. The main results are obtained by proving optimal estimates of the height, curvature, area and enclosed volume that the immersion must satisfy.
If x is an embedding, H. Rosenberg proved the following inequality in [6] :
where by h we will denote the maximum height that x(S) can rise above the plane containing Γ. We include a different proof of (1) to make this paper self-contained. 
Theorem 2. Let A be the area of x(S). Then
2πχ(S) − 2 π 2 i(Γ) 2 − πK|A||i(Γ)| ≤ KA ≤ 2πχ(S) + 2 π 2 i(Γ) 2 − πK|A||i(Γ)|.
Moreover, if χ(S) = 1, then the equality holds in some of the above inequalities if and only if x(S) is a spherical cap.

Theorem 3. If x(S) is a graph on a domain in the plane P , then the enclosed volume by x(S) and P must satisfy the following inequality:
V ≤ π h K − h 3 3 ,
where h is the maximum height of x(S) to P . Moreover, the equality holds if and only if x(S) is a hemisphere of radius
1/ √ K.
Height and curvature estimates
Let P = {v ∈ R 3 | v, a = 0} be the plane containing Γ, where a is a unit vector. Since K is positive, S is orientable and we can choose a unit normal to the immersion, N , such that the metric associated with the second fundamental form, σ, is positive definite. Then we have
Lemma 1. If x is an embedding, then the maximum height that x(S) can rise above
Proof. In [3] it is proved
where ∆ σ is the Laplacian for the metric, σ, given by the second fundamental form and H is the mean curvature of the immersion.
Let us assume x(S) is a graph on
In the general case, x(S) is in a side of the plane P (see, for instance, [5] ) and the proof follows, in a standard way, from the maximum principle by using Alexandroff reflection with parallel planes to P coming down from the higher point.
Lemma 2. If χ(S) = 1 and Γ is a line of curvature (not planar necessarily), then x(S) is contained in a sphere of radius
Proof. Let us consider S as a Riemann surface with the conformal structure given by its second fundamental form, σ. Since χ(S) = 1, then S is conformally equivalent to the closed unit disk D = {z ∈ C| |z| ≤ 1}. Thus, we can consider S = D and choose polar coordinates (r, θ) given by z = u + iv = re iθ . Therefore, 
On the other hand, f (z) = E(z) − G(z) − 2iF (z) is a holomorphic function (see [3])
and so is g(z) = z 2 f (z). But the imaginary part of g is a harmonic function on D and it is given by sin 2θ (E − G) − 2 cos 2θ F on ∂D. Then, from (3) the imaginary part of g vanishes and g must be constant.
As g(0) = 0 then f = 0. That is, x is a totally umbilical immersion and, therefore, x(S) is contained in a sphere of radius 1/ √ K.
Proof of Theorem 1. Let (u, v) be local coordinates of the immersion. We have
By applying Stoker's theorem, we have the following balancing formula:
As x is a K-surface, P must meet Γ transversally and N ∧ a = 0 along its boundary. We can choose a well-oriented unit tangent vector field t along Γ such that det(N, t, a) > 0 on Γ. Then, from (4),
where
is the algebraic area of Γ and k n , k Γ are the normal curvature and curvature of Γ, respectively.
If the equality holds in the above inequality, then N ∧ t = a and k n = k Γ along Γ. Thus, 
Corollary 1. If Γ is a planar Jordan curve, then
K ≤ π |A| ,
and the equality holds if and only if x(S) is a hemisphere of radius
Proof. It follows from Theorem 1 because if Γ is a Jordan curve, then x is an embedding and χ(S) = 1.
Area and volume estimates
Proof of Theorem 2. We can choose a well-oriented unit tangent vector field t on Γ, such that det(N, t, a) < 0 and the covariant derivative of t along Γ, t is written as
where k g and k n are the geodesic and normal curvature of Γ, respectively. We can assume a neighborhood of Γ in x(S) is on
where f = x, a is the height function and ∇f is its gradient in the induced metric on S.
On the other hand, if n is the inner unit normal to Γ in P , we have N = N, n n + N, a a = |∇f |n + N, a a.
Now, by using the Gauss-Bonnet Theorem, the Schwarz inequality, (5) and (7) we obtain,
which gives the inequalities in the theorem.
Moreover, if the equality holds in (8), then |∇f | must be constant along Γ and consequently N, a is constant on Γ. Since dN (t) = k n t + λN ∧ t, dN (t), a = 0 and N ∧ t, a = 0 we conclude λ = 0 and Γ is a line of curvature. The result follows from Lemma 2.
By combining Theorem 2 and an isoperimetric inequality due to Barbosa and do Carmo (see [1] ), we have Corollary 2. Let Γ be a planar Jordan curve. Then
If the length L of Γ satisfies 4π
2 − KL 2 ≥ 0, we have either 
where t s is a well-oriented unit tangent vector along Γ s , k n (Γ s ) and k Γs are the normal curvature and the Euclidean curvature of Γ s , respectively, and f = x, a is the height function.
From inequality (2), √ Kf + N, a ≤ 0 on Ω. Then, by using that N, a = −1/ 1 + f 2 u + f 2 v , we have
